International Journal of Industrial and Manufacturing Systems Engineering
2023; 8(2): 17-29

http://www.sciencepublishinggroup.com/j/ijimse

doi: 10.11648/j.ijimse.20230802.11

ISSN: 2575-3150 (Print); ISSN: 2575-3142 (Online)

'-‘ -4 r Q r r =
selencePl

Science Publishing Group

A Multiple Models Method for the Interval Uncertain
Nonlinear System State Estimation

Souad Bezzaoucha Rebail-2

'Department of Electrical, Computer Engineering and Automation, EIGSI- Ecole d’ingénieurs Généralistes, La Rochelle, France
’MIA Mathématiques, Images & Applications Laboratory - La Rochelle University, La Rochelle, France

Email address:
souad.bezzaoucha@eigsi.fr

To cite this article:
Souad Bezzaoucha Rebai. A Multiple Models Method for the Interval Uncertain Nonlinear System State Estimation. International Journal
of Industrial and Manufacturing Systems Engineering. Vol. 8, No. 2, 2023, pp. 17-29. doi: 10.11648/j.ijimse.20230802.11

Received: September 1, 2023; Accepted: September 22, 2023; Published: September 27, 2023

Abstract: The following paper proposes a novel Multiple Models Method for observer design to solve the problem of state and
parameter estimation of uncertain nonlinear time-varying parameters systems with unknown but bounded disturbance. Classically
speaking, an interval observer is a special class of observers that generates a bounded interval vector for the real state vector in
a guaranteed way under the assumption that the uncertainties are unknown but bounded; it gives an upper and lower estimate
for the system states at each time instant (determining a certain interval for the estimated state variations). Several approaches
have been developed and adapted to different kinds of models (linear, nonlinear, fuzzy, etc.). However, in the proposed approach,
the objective is not to design an interval observer, but rather a classical Luemberger observer, based on an interval multiple
model of the nonlinear system model. The novelty introduced in the paper is about proposing a new interval Multiple Models
representation of the uncertain nonlinear system. The observer’s gains are developed based on the Lyapunov stability theory
proving that the state and parameter estimation errors are stable and converge to an origin-centred ball of a given radius to be
minimized. The design conditions are formulated into linear matrix inequalities constraints, which can be efficiently solved. A

numerical example is given to illustrate the design and validate the performance of the interval observers.

Keywords: Uncertain Systems, Sector Nonlinearity Approcha, Interval Multiple Models

1. Introduction

Nonlinear behavior appears in several engineering problems
(mechanical, biological, biomedical, electrical, etc). Dealing
with nonlinear systems has a wide and various aspect in control
theory and goes from the modeling to the control, estimation
and implementation. Apart of the nonlinear complexity,
another difficulty for the system states design consists in the
structural model errors or uncertainties; i.e. how modelling
uncertainties is considered knowing that a major effect of these
modelling errors is the cause of the mismatch between the
model and the real behaviour of the system.

To overcome these difficulties, an alternative technique to
the classical observer consists in dealing with the uncertainties
and disturbances by determining certain upper and lower
estimates for the system states at each time instant, which
is known as set-membership or interval observers; i.e. set-
based state estimators/observers started another branch of

state estimation, where uncertainties are characterized by sets
instead of random variables [1-3].

The aim of this paper is to develop a new method, combining
the principle of set-membership interval observers with the
multiple model approach. A first contribution, presented in
a study is based on guaranteed bounds method [4]. It consists
of an auxiliary dynamic system providing an upper estimation
and a lower estimation for the solutions of the system
considered under the assumption that the initial conditions and
uncertain quantities are unknown but bounded. The mean
of the interval can be considered as the point-wise estimate,
whereas the interval width provides the admissible deviation
from that value. The basic idea is to compute the set of
admissible values for the state at each instant of time.

An Interval observer is a special class of observers that
generates a bounded interval vector for the real state vector in
a guaranteed way under the assumption that the uncertainties
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are unknown but bounded. Some of the basic concepts and
the main developments in the designs and applications of
interval observer for continuous-time, discrete-time (linear and
non-linear), fuzzy and switched systems may be found in the
following studies [5—10].

In the following paper, the considered approach is inspired
from the interval observers or set-membership observers but
quite different. Indeed, in the proposed approach, a step-by-
step methodology to design an observer based on Multiple
Model Structure to solve the problem of state and parameter
estimation for uncertain nonlinear time-varying parameter
systems will be given.

The idea is not to design an interval observer (with an upper
and lower bound), but a classical Luemberger observer, based
on an interval multiple model of the nonlinear system model.

It is important to highlight that in the following article, the
resolution technique in order to deduce the observer gains is
based on the Linear Matrix Inequality resolution. These LMIs
constraints are deduced from a classical Lyapunov stability
theory. One can find in the literature several contributions
based on the LMI/Lyapunov development methods where the
observation gain that guarantees both stability and positivity of
the interval estimate errors is synthesized by solving a Linear
Matrix Inequality (LMI) feasibility problem [14—17].

To illustrate the basic ideas, the development for the MM

x(t) =
i=1 j=1

i=1 j=1

with X;(.), for X € {A, B, C, D}, are matrices functions
respectively of dimensions R™=*"=  [R™eXMu R™XT gpd
R™>mu_ The functions ;(t) represent the weights of the
submodels (A;, B;,C;, D;) in the global model and satisfy the
convex sum property:

> wit) =1, > ui(t) = 1vt 3)
i=1 i=1

Note that if the weighting functions p;(t) and f;(t) are
state or time-varying parameter dependent, they are called
weighting functions with unmeasurable premise variables; in
the same way, if they are input or output dependent (or the state
and the parameters are known) they are referred as weighting
functions with measurable premise variables.

2.2. Interval Multiple Models Representation

The unknown system states estimation is one of the most
challenging and fundamental problem in many engineering
fields, where the model uncertainty represents an additional
difficulty to the model complexity. To overcome these
kinds of problems and estimate the unknown states in the

ro 2"
S5 i)
S5 wilét)

system with measurable premise variables is first detailed.
The general case of nonlinear time-varying parameter systems
where the parameters are inaccessible is then introduced. The
stability conditions of the estimation errors are established and
the reachable regions of convergence are characterized and
optimized. The observer gains are derived by solving an LMI
optimization problem obtained from the Lyapunov theory.

2. General Multiple Models Form

2.1. Multiple Models Representation of Nonlinear Systems

Consider a dynamic time-varying nonlinear
described by the following state equations:

o(t) = f(t, 2, u,0)
{ y(t) = g(t, z,u,0) (D

system

where x(t) € R"= is the system state, u(t) € R™ is the
input, y(t) € R™ is the system output and 6(¢) € R™ a time-
varying parameter vector. f(.) and g(.) are vector functions of
dimension R™* and R™ respectively.

The nonlinear dynamic systems is then expressend into a
convex combination of linear submodels:

15 (0(1) (Aijz(t) + Biju(t))

2)

15 (0())(Cijx(t) + Dijult))

presence of large and fluctuating disturbances (parameter
and/or model uncertainties), a new class of estimators have
been developed recently known as set-membership state
estimators and interval observers [11].

Interval observer is a class of observers that are used
to evaluate the actual state of the dynamic process, such
techniques are mainly based on guaranteed bounds method.
It consists of an auxiliary dynamic system providing an upper
estimation and a lower estimation for solutions of the system
under consideration using the assumptions that the initial states
conditions and uncertain quantities are unknown with known
bounds. Such an approach can be used to deal with significant
disturbances and provide component-wise information on
possible solutions [11].

In the present contribution, based on [4], the uncertainty
are modeled by means of interval parameters. Uncertainties
affecting the parameters of the MM are taken into account by
considering the lower and upper bounds of the matrices [A;;]
where the interval matrices [A;;] characterize the (4, j)" local
model.

For a linear output, the Interval Multiple Model (IMM)
representation of a nonlinear system (1) is given by:
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(1)
i=1 j=1

y(t) = Cx(t)

The lower and upper bounds of the matrices [.A;;] are respectively defined by:

n ok
Aij = Al + ng] A

k=1
- 5)
_ _ gk
Aij = Ai + E 0, Aik
k=1
where:
i i — —
aiyy .. al,, ay ... Ay,
=t (551 : ] v a1 : ) ©)
1 1 -1 =1
anl s annw a’nzl ce a’nznz

and A;; is the matrix that characterizes the influence of the parameter ¢; on the submodel .
Since the bounds aj,,,, @j,,,, ¢ i and 6 are assumed to be known, the matrices [Aij] are written as:

Ny n  Ng
Ao = A+ 30 Sl + 330 3 alfilhleh )
=1 m=1 k=11=1 m=1

n k k
where A% = A, + Z OZ’ Ak, A;p and 0,:’ Ay represent the nominal system matrices where no uncertainties are taken into
k=1
account. e; refers to the vector where the element of coordinate i is equal to 1 and 0 elsewhere. The terms [f} ] and [f,’ lm}
represent respectively the input, output or modeling and parameters uncertainties in terms of interval width, such that:

|[flmH —= lm> lim = aém - Qém

)
ijk 51]](5 61]1@ a U;?A 9 (TfA

|[ 9,l7n]| = Y0,lm> Y0,lm — ( 0,lm)k ik — (—Q,Im)k ik

3. Observer Design

3.1. Measurable Premise Variables

Consider first the case of measurable (or known) premise variables. Let us define the following Luemberger observer for the
IMM system (4):

T

Y O AL0) + Biult) + L) — 50) o

i=1 j=1

gt) = Cilt)

The objective is to compute gains L;; € R">*™ such that  are derived to compute the gains L;; in order that the error be
the state estimation error e, (t) = x(t) —Z(t) is asymptotically ~ quadratically stable and remains into a predefined set.
stable and to characterize the error convergence domain. From (4), (7) and (9), the state estimation error dynamics
To this end, based on the Lyapunov theory, LMI conditions  can be calculated as:

3
3
8
3
&

ZZM )it (6(1)) ((A}; — Li;C <Z S alfinlen + 353 alfik e )w(t)) (10)

i=1 j=1 =1 m=1 k=11=1 m=1
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Considering a quadratic Lyapunov function V (t) = e (t) Pe,(t), the error is asymptotically stable if there exists a symmetric
positive matrix P = PT > 0 and matrices Lij,i=1,...,7,5=1,...,2" such that:

=3 wil®)s(0) (L OS((AD)TP = CTRE))ea (1)

zT 17=1 . (11)
+S <Z Ze t) Pe (flm —I—Z ;ﬂ’;) t))) <0
=1 m=1 k=1

with S(M) = M + MT and R;; = PL;;.

In the proof of proposition 1, it will be shown that V' (t) < —¢||e,||3 + 7. A necessary stability condition is then given in the
next proposition:

Proposition 1: The stability condition V() < 0 (11) is satisfied if

Zij <0
and (12)
| ex 3> 2
with .
Zij = S((A7)TP — CTR]) + PEQ;'ETP + ) PE(Ql)) 'ETP (13)
k=1
T s Amin(=Zij) > 0 (14)
and
Y = max;—1.p j—1:2n || T2 (EAiFﬂiFAiTET + ZEAg’gFQgF(Ag;)TET> (15)
k=1

Proof Applying lemma 1:
Lemma 3.1. Consider two matrices X and Y with appropriate dimensions. For any positive scalars A\; and Ao, the following
property is verified:

“MXTX ATy < XTY +YTX < uXTX + 0, Y TY (16)
(Z Ze t)Pe; (flm + Z ;Jﬁn> ,Tnm(t)> can be bounded by:
=1 m=1
(z ST ( 13 ;‘f;m]) ezxw) <
n lnlm 1 k=1
DY A0 2" (Demena(t) +ZZ (Nim) "€l (t) Pere] Pey(t) (17)
l:lnmnl =1 m=1 W o n
+y > wam 5% 22T (Demeha(t) + 35S A7k ) el () Pere] Pe,(t)
k=11=1 m=1 k=1 l=1m=1

In order to simplify the notation and transform the double sum in matrices product, define:

A; = diag(d}y ... 0} 107y .. 0L o 04, 0L )

Ay = diag(85) -0/ 10602 - 05,2+ Ogitn, - Ogimim,)

Q; = diag(Aj; .. AL, Moo AL o AL A ) (18)
Q' = diag(\gyy - AT At Ao M1 Mnm,)
E=(I,,...I,,),EcR=xn
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where diag(M;, ..., M,,) refers to a block diagonal matrix with the elements M, . .., M, on its diagonal.
The permutation matrix F' is also introduced, such that:

FOF =diag(Ay ... AL Ao A o AL AL ) 19)

NaNg

The same transformation is applied to Qg.
The stability condition V' (t) < 0 can be expressed as the following inequality:

r 2"
DO €@ (O() (ef ()(S((Af)" P — CTRY)) + PEQ™'E"P
i:lnjzl N (20)
+Y PEQ)) T ET Peg(t) + 2T (1) (EAFQFATET + " EAL FOINF(AIG)TET)x(t) < 0

k=1 k=1

Since x(t) is bounded z(t) € [z, 7], then T (t)(EAFQFATET + " EAl FQJ; F(Aly)T ET)x(t) can be bounded by

k=1
|3 EAFQLFATET+ Y E Al F Qg F(Aly)TET).
k=1
Condition (20) is now written:
r 2n n . . .
SOST €®) i 0@) (€L (1) Zijea () + T3 EAFQFATET + Y EASFQEF(AS)TET) <0 @D
i=1 j=1 k=1
with
Zij = S((Af)TP — CTRY) + PEQ;'ETP + ) PE(Q)'E"P (22)
k=1
Let us define
T Amin (= Zij) (23)
Y = maxi—1.,j=1.2n ||Z|[3 (EAiFQZ-FAiTET + ZEAg’gFQgF(Ag’;)TET> (24)
k=1

According to Lyapunov stability theory, V (t) < —¢ || e ||3 +~. It follows that V (¢) < 0 if

Zi; <0
and (25)
| ex 15> 2

which means that e, is uniformly bounded and converges to a small origin-centered ball of radius \/2 .
Proposition 2: The state estimation error e, is stable and converges to an origin-centered ball of radius \/g bounded by 3 if
there exists P = PT > 0, R;;, Q, Q’g > 0 solutions of the following optimization problem

=R 2"6 (26)
S.t.
Ziy
< I —BI ) <0 @7
with:
n [ (A2)TP+ PAL -~ CTRL — R;C PE  PE
Zij = Z * —Q; 0 (28)

_Qik
k=1 * * Qw
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and
Iz (EAiFQiFAfET + ZEAg;“FQg‘jF(Ag‘g“)TET> <B (29)
k=1
fore=1,...,r,5=1,...,2".
The observer gains (9) are then givenby L;; = P~ 'R;;,i =1,...,r,j =1,...,2™
Proof Applying a Schur’s complement, Z;; < 0 is equivalent to solve the following LMIs:
n [ (A5)TP+PAY, —CTRE — Rj;C PE  PE
Z * —Q; 0 <0 (30)
ik
k=1 * =
fori=1,...,7, j =1,...,2" The observer gain are then given by L;; = PilR,-j.
The objective is now to minimize the radius \/§ .
Let us consider a positive scalar 3, such that:
n
||Z]|2 (EAiFQiFAlTET + ZEAg’;“FQg'g’F(Agg’)TET> < 31
k=1
Ziyy 1 . . n
( 7 _ﬁI><0f07"z—1,...7r7j—17...,2 (32)
From (32) we get:
/B I<—Zy,i=1,...,r,j=1,...,2" (33)

implying that all the eigenvalues of (—Z;;) are larger that 1//.
As a consequence 1/ < e holds.

Then, if ¥ < 8 and € > 1/8, it implies that the radius \/§
is also bounded by 3, so minimizing /3 implies to minimize the
radius of the convergence origin-centered ball, which ends the
proof.

3.2. Unmeasurable Premise Variables

As mentioned in the previous section, although the
polytopic transformation may leads to MM with unmeasurable

r on

=1 j=1
r 2”.

=1 j=1

= Ci(t)

g(t)

The objective is to find gains L;; € R™**™, K;; € R"*™
and o;; € R™ ™ such that the estimation errors e, (t) =
x(t) — &(t) and eg(t) = 0(t) — O(t) are asymptotically stable
and bounded. To ensure this objective, LMI conditions based
on the Lyapunov theory are given.

= > €O (0(0)) (AfE (1) + Biju(t) + Lij (y(t) -

premise variables, most of the works on MM systems are
devoted to models with known premise variables. In this
section, we consider the case of unmeasurable premise
variables. As for the measurable (known) premise variables
case, an IMM is first proposed. The problem that appears here,
in addition to the uncertainties, is the joint state and parameter
estimation, since the premise variables are unmeasurable and
depend on the state and parameters that need to be estimated.

Let us define the following joint state and parameter
observer for the considered ITS system (4):

9(1))
(34)

=303 E) i (0()) (Ko (y(t) — (1)) — ais0(1))

The state estimation error dynamics cannot be easily
computed directly since the premise variables are
unmeasurable and depend on the state and parameters that
need to be estimated. To overcome this difficulty, the state
equation (4) is rewritten as follows:

(35)
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This form allows a better comparison of z(t) with #(t) since 11;(£(t))i ;(6(t)) not only appears in (34) but also in (35). Let us

define:
AAD) = 3 S nlE) O — €N O)As]
(AL F)Sa()E
and .
AB1) = 305 (nl€()00)) — w0 0068
— BSa()Es
with
A=[An ... Ao |\ F=[Fuu ... Fan |,
B=[Bu ... Buan |

X(t) = diag(y11(t), - . ., yr2n (1)),

i (8) = i@ (0)7i; (0()) — pa(£(8)7i; (O(t))
Ea=[1In ... L, Eg=[1L, ... L. ]
= i: i:el [finlen + Z el g{l}:n]e%

=1 m=1 c

Thanks to the convex sum property, we also have

which implies from definitions (38)

SAOTat) <1, TL0)Tp) <I
Using (36) and (37), the system (35) is then written as:

r on

(1) =YY milEO)a;0) ([Ay] + AA@)z(t) + (Byy + AB(t))u(t))

i=1 j=1

From equations (41), (7) and (34), the dynamics of the state estimation error is given by

=SS €0 (A~ LChealt) + (5AWD + Na(o) + AB(Eu()

=1 j=1
with:
_ Uk T
A= 3 el + 030 S lfihle
=1 m=1 k=1 1=1 m=1

Define the parameter estimation error eg(t) as

eolt) = 6(t) — O(t)

From the observer definition (34), the dynamics of this error is given by

0(t) = D2 D €Uy (0(1)) ((1) — KiyOeu(t) + ai01t) — ayeq(r))

(36)

(37

(38)

(39)

(40)

(41)

(42)

(43)

(44)



24 Souad Bezzaoucha Rebai: A Multiple Models Method for the Interval Uncertain Nonlinear System State Estimation

Let us first consider the state estimation error e, (¢). Considering a quadratic Lyapunov function V,(t) = €L (t)P,e,(t), the
error is asymptotically stable if there exists a symmetric positive matrix P, = P! > 0 € R"=*"= guch that:

3 D00 (OB — TR et s)

=1 j=1

+S( T(t)(AAT(t) + AT)Pyey(t)) +S (uT () ABT (t) Prey (t)) < 0

As in the previous section, it will be shown that V(¢ (t) < —ezl|ex||* + 7z- A necessary stability condition is then given in the
next proposition. )
Proposition 3: The stability condition V,,(t) < 0 (45) is verified if

ZUL <0
and (46)
lex 13> 2=
with
Zijo = S((A%)TP — CTRE) + PEQ™'ETP PE(Q)})'ETP
J ((Az_]) C Rz]) + +kZ:1 ( 97z) (47)
AN P(A+ Fs)(A+ Fs5)TP + \5' PBBTP
Ex = 1:1:21311:11;? /\min(_Zijx) (48)
and

Yo = maxi—1y j—120 ([T 3(EAFQFATET + Y " ENJNFQUF(A))TET + AaEYEA) + |[all3A s EFEB)  (49)
k=1

Proof Applying lemma 3.1 and basing on the same reasoning as in the previous subsection (x(t) € [z, T], u(t) € [u,u]), the
following terms of the time derivative of the Lyapunov function (45) are bounded as follows:

1.
S (2T (t)AT Pre,(t)) < Z Z)\ (6 VaT (t)emel x(t —1—22 “LeT(tPejel Pey(t)
n e =1 m=1 n n l=1m=1 (50)
IS S A (5 T enelalt) + 33 S0 () e (O Peaet Pea(t)
k=1l=1m=1 k=11=1 m=1
2. From (36) and lemma 3.1, S (27 (t) AA” (t) Pye,(t)) can be bounded by:
S (2T () AAT Pye, () < MaxT () EXSL ()Sa(t) Eax(t) + Ay el () P(A+ F)(AT + FT)Pe,(t) (51)
From the convex sum property, % (t)$ 4 (t) < I, which leads to:
AT (OEYSL()Sa(t)Eaz(t) < Aaa” () EYEax(t) (52)
The term A\ ‘el (t)P(A + F) (AT + F7T)Pe,(t) can also be bounded as:
Miltel () P(A+ F)(AT + FT)Pey(t) < A\ el (t)P(A+ F5) (AT + F] ) Pe,(t) (53)
where F5 is defined as:
Fs = [ (Fi1)s -+ (Fran)s ] 54)

with

Mo

=3 Zezééjfm Ty ' e e (55)

=1 m=1 k=11=1 m=1
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S (uT (¢)ABT (t) Py, (t)) < Apul () EE(t)Epu(t) + A5' el (t)PBBT (t) Pe,(t) (56)
Considering definitions (18), the Lyapunov function derivative 74 (t) (45) is then bounded by:

r 2"

) < DO wi€)E (00)) (el (1)(S((AY)"P — CTRY) + PEQT'ETPY PE(Q)})'ETP
=1 j=1 k=1 5 )
noo , (57
A3 P(A+ Fo)(A+ F5)TP + Mg PBBT P)e, (1)) + o (t)(EA FQFATE + Y " EANFQ) F(A))TE
k=1
+)\AE£EA)).’L‘(7§) + )\BuT(t)EgEBu(t)
Since z(t) and u(t) are bounded as z(t) € [z, T], u(t) € [u, ), V,(t) is bounded by:
1) <N w0 (el (t) Zijwex () + |[Zl3(EAFQFATE
T (58)
+Y EAGFQIF(AG) E + MaESEq)) + |[Al3AsEREp
k=1
with
Zije =S((A)TP — CTRL) + PEQT'ETP + > PE(Q)})'E" P+ (59)

k=1
M P(A+ Fs)(A+ F5)TP+ 25 ' PBBT P

According to Lyapunov stability theory, e, is uniformly bounded and converges to a small origin-centered ball of radius , / Z—“
bounded by 3, s.t.

(IZIBEAFQFATET + Y EA)FQIF(AI)TET + \aESEa) + [0l 3A3 ELEB)iz1....rj=1...2n < Ba  (60)
k=1

Second point, we consider the parameter estimation error eg(t). Considering a quadratic Lyapunov function
Vo(t) = el (t)Ppeq(t), the error is asymptotically stable if there exists a symmetric positive matrix Py = PJ > 0 € R™*"™ such
that:

r

0= 303 mlEONE W) b (SR )ealt) + S(ek (VPA) — S(e ()b Cen() o
- 1S(e (D R3,0()) < 0

where Réij = PyK,; and Rgij = Pyayj.
Proposition 4: The stability condition Vp(t) < 0 (61) is verified if:

Zijg <0
and (62)
e 5> 22
with:
ZijG = —ng (RGzJ) + >\19 ngg + )\ R@z_] (Rem) R@zg (Rezj) (63)
Let us define
€=, min Amin(—Zijo) (64)

and

Yo = max;—1., j=1.2n (A1]|0]|3 + A2pCTCB2 + A301|0][3) (65)
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Proof Applying lemma 3.1, V4 (t) can be bounded by:

r 2"
V0(t) < Z Zﬂz(g(t))ﬁj (é(t))(eeT(t)(Rzij - (Rzij)T + )‘IQIPGP0 + A;elRéij(Réij)T (66)
i=1 j=1
+A;91R§ij(}%‘gij)T)e9(t) + Ma0T (1)0(t) + Aagel (1)CT Cey () + As07 (£)0(t)

since 6(t), e, (t) and f(t) are bounded 6(t) € [, 8], e,(t) € [~ ., B.] and 8(t) € [8, §]. The inequality (66) is bounded by:

r 2" _ _
Va(t) <D0 ml€0)i(0())(ef (t) Zijoea(t) + Mol 0113 + Ao CT CBF + As0l103 (67)

i=1 j=1
According to Lyapunov stability theory, Vi(t) < —¢p || es ||3 +79, which means that ey(t) is uniformly bounded and
converges to a small origin-centered ball of radius , / z—g bounded by fy s.t.
(Mol 10113 + A20CTCB2 + Agol[0]13))i=1,...rj=1,....2n < Bo (68)
To sum up, the state and parameter estimation errors are stable and converge to an origin-centered ball of radius , /2= and

’ /z—z respectively bounded by 3, and Sy if there exists P, = PT > 0, Py = P} > 0, R;;, Réij, Rgij Q, QF > 0,24 >0,
A > 0, Ag > 0, Aoy > 0 and A3g solutions of the following optimization problems

mini:l,.“,r,jzl,“.g" ﬁa: 69
ming—1,. . r j=1,...,.2» Bo (©9)
S.t.
Zijw 1 Zio 1
( 7 —ﬂI)<O and ( 7 —5I)<0 (70)
with:

Z, PE PE P(A+7F;) PB

n x = 0 0 0
Zigp=Y_| * » - 0 0 (71)
=1 * * * -4 0
* * * * —\B

with Z}; = S((A)TP — CTRY)
_Rgij - (Rgij)T Py Rel)ij R}

0ij

Zijg = * 7)\19 0 0 (72)
* * —)\29 —)\39

and

(17| B(EAFQUFATET + > EAFFOINF(AN)TET + \aELEA) + |[Ul3AELEB)iz1,...rj=1...2n < Br
k=1 _
((M1016113 + X20CTC B2 + A301013))i=1,....r.=1,...2» < Bo

(73)

The observer gains (34) are then given by L;; = P~'R;;, K;j = Py 'R}, and ai; = Py ' R3,..

4. Example

To illustrate the proposed methodology, let us consider the following system with additive disturbances described by (74)

{j:(t) = é;e((tg))x(t)w(t) (74)

<

—~
~

~—
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where z € R2 is the state and

—0.632 — 0.8sin(t) 0.5 cos(3t)
AO() = ( —0.7 cos(2t) 0.3 sin(t) ) ’
c=(0 1)

The input d(t) is defined by d(t) = ( 0.1+ 0.2sin(0.5¢) 0.1 + 0.5 cos(1.5¢) )T.
First step, let us write the system equations (74) in a MM form. The state equation can be re-written as:

1 (t)
Equation (76) is decomposed as the following:

oy (@ pubi(t) + &) pr2ba(t)
w0 = (i e ety )

with

a11 = —0.632, 61(t) = sin(t), O2(t) = cos(3t), O5(t) = cos(2t)

d d
&) = 2@, &0 = 23

P11 — —0.8, P12 = 05, P21 = —0.7, P22 = 0.3

27

(75)

(76)

(77)

For the nonlinearities &;(t), {2(¢) and the time-varying parameters 61(t), 05(t) and 63(t), by applying the above MM

transformation (section 2.1), the nonlinear system (74) is written as:

with fori=1,...,4:

and for j = 1,..., 8 (each submodel j is defined for a triplet (0}, 07, 0%)):

7 (0(1)) = 7 By ()5 (0a()7i3 (05(2))

~ 0 (t) — 62
o) = 20
k k
- 0L — Ok (t)
1z (0x (1)) = W

ol o2 o3
Aij = A +0,7 Ain + 057 Aip + 037 Aiz
0} = max 0y (t)
02 = min 0 (t)

(78)

(79)

(80)

where af is equal to 1 or 2 and indicates which partition of the k*" parameter k = 1,2,3 (;Tkl or /7;;2) is involved in the j**

submodel. The relation between the submodel number j and the aé‘-’ index is given by the following equation

j =220} +2'%7 +2%% — (2! +2%)

The matrices A;; are defined as follows:

(81)
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ol o2 o3
Aij = A + 077 Aj + 0,7 Ap + 637 Ais

1 1
A= a11T§1 0 , Ag = anl‘gl 8
2 2 5 0
+ +
Ag=( M3 4 JAg=( M o 0 (82)

0

0

0
o _( pun O (0 pi2
All_ 0 p22>aA22_(0 0 >7

0 0
A =
° p21 O >

It is assumed that the exogenous input d(¢) is subject to uncertainties but remains bounded such that:
dim (t) dq(t) dyp(t)
<d(t) = < 83
( dom(t) ) SO = ay) ) S\ don(t) ®3)

0.5 <dipn(t) < —0.1

with:

03 <din(t)< 07

(84)
—1.1 <dom(t) < —0.1

01 <doy(t) < 11

Our objective is to synthesis an observer Z; (¢) for x1(t) (since the second state xo(t) is measured) by applying the above
proposed approach. Solving the proposed optimization problem under LMIs constraints, a state observer with unmeasurable
premise variable (z1(t)) is designed.

In figure 1 are depicted respectively the system state x1(¢) (subject to uncertainties) with its lower and upper width and its
estimate 1 (¢).

| system state
0 upper shape
lower shape
05 | | | observer
0 5 10 15 20 25

Figure 1. System state x1 (t) with its upper and lower width and its estimate %1 (t).

As the figure 1 shows, the state z (¢) is well estimated with the proposed approach. The calculated gains are equal to:
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3.81

3.78

183 152
b= ( 73.01 )’L2 = ( 73.36 ) L = ( 71.72 )’L4 = < 71.72 > (83)

Note that for computational reasons, the gains L;;, ¢ =
1,...,4and j = 1,...,8 were set equal to L; (meaning that
Lig = Lig = -+ = Lig = Ly).

5. Conclusion

This work deals is devoted to a Multiple Models observer
design for nonlinear time-varying parameters subject to
uncertainties. The uncertain nonlinear system is represented
in an IMM form and the observer is designed based on
the nominal system. It is the first time that the observer
design is treated in such a way. The proposed approach
gives stability conditions for the estimation errors in terms
of LMIs constraints and enables to characterize and optimize
a reachable regions for both the states and time-varying
parameters.
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